The kth power of a graph G, denoted by G k , is a graph with the same vertex set as G such that two vertices are adjacent in G k if and only if their distance is at most k in G. The Wiener index is a distance-based topological index defined as the sum of distances between all pairs of vertices in a graph. In this note, we give the bounds on the Wiener index of the graph G k . The Nordhaus-Gaddum-type inequality for the Wiener index of the graph G k is also presented.
Introduction
In this work we are concerned with finite undirected connected simple graphs. Undefined notation and terminology can be found in [1] . The vertex and edge sets of G are denoted by V (G) and E(G), respectively. |V (G)| is called the order of G. The degree and the neighborhood of a vertex u ∈ V (G) are denoted by d G (u) and N G (u), respectively. The length of a path between two vertices is the number of edges on that path. We define the distance between two vertices u and v, denoted by d G (u, v), as being the length of the shortest path between them. The kth power of a graph G, denoted by G k , is a graph with the same vertex set such that two vertices are adjacent in G k if and only if their distance is at most k in G. So, if k = 1, G k = G. The Wiener index is a well-known distance-based topological index introduced as a structural descriptor for acyclic organic molecules [5] . It is defined as the sum of distances between all unordered pairs of vertices of a simple graph G:
For the results and further references the reader may refer to a recent survey [2] .
As usual, the path of order n is denoted by P n , and the star of order n by S n . A tree is called a double star S p,q if it is obtained from S p and S q by connecting the center of S p with that of S q via an edge. The diameter of a graph G, denoted by diam(G), is the largest distance between two vertices in G. Since the Wiener index is concerned with the Fig. 1 . Graphs G and G 1 with
distance of vertices, the diameter is important for us in studying the index. Entringer, Jackson and Snyder [3] showed that:
For a graph G, the chromatic number χ (G) is the minimum number of colors needed to color the vertices of G in such a way that no two adjacent vertices are assigned the same color. The complement of G, denoted byḠ, is the graph with the vertex set V (G), and two vertices uv ∈ E(Ḡ) if and only if uv ∈ E(G). In 1956, Nordhaus and Gaddum [4] gave the bounds involving the chromatic number χ (G) of a graph G and its complement. Zhang and Wu [6] presented the corresponding Nordhaus-Gaddum-type inequality for the Wiener index as follows.
Theorem 1.3. Let G be a connected graph of order n ≥ 5 with the connected complementḠ. Then 3
.
The bounds of Theorem 1.3 are best possible. Motivated by the results above, in this note we obtain similar conclusions for the Wiener index of the kth power of a graph.
Main results
It is natural to ask, for two graph G and G 1 , whether it is true that if
The answer is negative. For example, Let G and G 1 be two graphs of order 7 in Fig. 1 . Note that
For the examples of orders greater than 7. Let G be a graph obtained from G by adding m new vertices such that every vertex is only adjacent to 1, 2 and 3. Let G 1 be a graph obtained from G 1 by adding m new vertices such that every vertex is only adjacent to 1 and 2. By some simple calculation, we have
But we still have:
So the lower bound holds and is best possible. Let P n = vv 1 v 2 · · · v n−1 be a path of order n. Next we prove that W (T k ) ≤ W (P n k ) by induction on the order n. It is obvious that the theorem holds when n ≤ 4. Now let T be a tree of order n ≥ 5. Let P = uu 1 u 2 · · · u d be a longest path of T . Then d T (u) = 1 and thus T − u is a tree of order n − 1. Set
. . , n − 1. Therefore, we have
Corollary 2.3. For a connected graph G of order n, W (G k ) ≤ W (P n k ).
Proof. Let T be a spanning tree of G. It is obvious that
for any a pair of vertices u and v of G.
by Theorem 2.2; the result follows.
The following fact can be found in [6] .
Lemma 2.4. Let G be a connected graph with the connected complement. Then:
, thenḠ has a spanning subgraph which is a double star.
Note that P 4 is the unique graph of order 4 whose complement is connected, andP 4 ∼ = P 4 . So, we can obtain that
and so
Next, we calculate the value of W (P n k ) + W (P n k ) for n ≥ 5.
On the other hand, since diam(P n ) = 2,P n k ∼ = K n and we have
. From the results above and Corollary 2.3, we can obtain:
Now we calculate the value of W (P n 2 ) + W (P n 2 ) for n ≥ 5:
where O consists of all odd numbers in {1, 2, . . . , n − 1}. So,
Lemma 2.6. Let G be a connected graph of order n ≥ 5 with connected complementḠ. Then
Proof. From Lemma 2.4(1) and Corollary 2.5 we only consider the case diam(G) = diam(Ḡ) = 3. In this case, diam(G 2 ) = diam(Ḡ 2 ) = 2. For i = 1, 2 and 3, let s i be the number of pairs of vertices with distance i in G, ands i be that forḠ. Note that s 1 +s 1 = n 2 , s 1 =s 2 +s 3 ands 1 = s 2 + s 3 . Then W (G 2 ) + W (Ḡ 2 ) = (s 1 + s 2 + 2s 3 ) + (s 1 +s 2 + 2s 3 ) = 2 n 2 + s 3 +s 3 . By Lemma 2.4(2), let S p 1 ,q 1 be a spanning subgraph of G and S p 2 ,q 2 be that ofḠ, where p j + q j = n for j = 1, 2. Hence
One easily check that 2 n 2 + 2(
It remains to consider the cases for n = 5 and n = 6. Case 1. n = 5
We can obtain that W (G 2 ) + W (Ḡ 2 ) ≤ 24 by the inequality ( * ) and W (P 5 2 ) + W (P 5 2 ) = 23. Next, we prove that
Then s 3 =s 3 = 2, and thus G must be one of graphs of order 5 as shown in Fig. 2 . However, one can see thats 3 = 1, a contradiction. Case 2. n = 6 It is obvious that W (G 2 ) + W (Ḡ 2 ) ≤ 38 by the inequality ( * ) and W (P 6 2 ) + W (P 6 2 ) = 37. Next, we prove that
≤ 37 by contradiction. We assume that the graph G satisfies W (G 2 ) + W (Ḡ 2 ) = 38. From the inequality ( * ), s 3 =s 3 = 4. Thus G must be one of the graphs of order 6 as in Fig. 2 . However, one can check that s 3 = 1. A contradiction. This completes the proof.
Theorem 2.7. Let G be a connected graph of order n ≥ 5 with connected complementḠ. Then 2 
Note that the bounds are sharp. Obviously, the upper bound can be obtained on the graph P n . To see that the lower bound is best possible, we construct a sequence of graphs. Let G n be a graph of order n, which is obtained from C 5 by replacing a vertex of C 5 by a complete graph of order n − 4. It is easy to see that diam(G) = diam(Ḡ) = 2, so diam(G k ) = diam(Ḡ k ) = 1 and W (G k ) + W (Ḡ k ) = 2 n 2 .
